- ATV AND MEAN VALUE THEOREMS

_ MEAN VALUE THEOREMS M
In this section we shall study Rolle’s theorem, Lagrange’s theorem and Cauchy’s mean

sorems and their geometrical interpretations. Also we shall prove Taylor’s theorem which is

peral form of

ALLE'S THEOREM

Letfbea function defined on [a, b] such that

Lagrange’s mean value theorem when the function is differentiable n times.

"M

@) fis continuous on [a, b]
@) fis derivable on (a, b)

Gii) f@ =7 (b),

there exists atleast one real number ¢ lying between a and b such that f'(¢) = 0.

:hen
[K.U. 2016, 15, 13; M.D.U. 2015, 14, 06, 05]

Proof. Since the function f is continuous on [a, b, therefore [ is bounded on [a, b] and
ttain its bounds L.e., there existsc, d € [a, b] such that f (c)=M and f (d) =m, where M and m
re Sup. fand Inf. f respectively.

Two different cases arise:

Casel. M =mi.e., Sup. f=Inff:

Here f is a constant function over [a, b] and consequently f "(x)=0forallx € [a, b].

Hence f'(c) =0 where ¢ € (a, b).

CasellL.M+#m: _
Asf(a) =f (b), therefore either M or m is different from f (@) = f (b). Suppose that M # f(a)
and M =£(b).

Asf(c)=M, therefore c is different from both @ and b and ¢ lies in the open interval (@, b).

Since f (c) is the supremum of fon [a, b], therefore
fx) <f(c) for allx € [a,b]
From (1), fle+h) £ f(e)
f(c+h)—f(c) <0
Dividing by A >0, we get

f(C—-h)—f(c) 50 f(c+h’:—-f(6) SO

-h

(1)

From (1) fle—h) < fle)
fle-h)—f(c) <0
Dividing by —h <0, we get
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Second Method :
() 1€/ (x) is a polynomial function of x, i.e., of the type, ax? + bx? + cx + d, 3x2 -2,

then it is continuous for all real x (since polynomial functions of x are always contip, ly
o
Y

real x).

1 ’
(i) If £ (x) is not a polynomial function, but of the type x + 2’ Jx? -4 ,sinx, log x e
B

we find /'(x). If {'(x) is finite, definite and real in [a, b], then f (x) is derivable in [q, b ang
continuous for all x in |a, b] (Since every derivable function is continuous also). ‘*ﬂ
2.8.2. How to check the derivability of f (x) in (a, b)
() If £ (x) is a polynomial function of x, then f (x) is derivable in (@, b) as a poly,,
function is always derivable for all real values of x.
(if) If f (x) is not a polynomial function, we differentiate f (x) with respect to x. It f
finite, definite and real in (a, b), then f (x) is derivable in (a, b). L

1. If a function is continuous in a closed interval [a, b], it is also continuous in open interval (g j

9. If a function is derivable in a closed interval [a, b], it is also derivable in open interval (g, b),

3. Polynomial functions of the type e, +a, x......+ a, x".... are always continuous and derivahle,

4. Every derivable function is continuous also.
5. Sum, difference and product of two continuous functions is always continuous.

Example 1. | Prove that Rolle’s theorem holds for the following functions:

(i) f(x)=22-5x+6intheinterval [2,3]

{ii) f(x)=x%-7x? + 16x- 12 in the interval [2, 3]

(iii) f %) =x (x - 4)? in the interval [0, £]. K.U. 2018]

Solution. (i) Here f(x)=x%-5x+6

f(x) is a polynomial function of x and is therefore continuous and derivable for all ¢
Thus

(@) f(x)is continuousin [2, 3]

(b) f(x)is derivable in (2, 3)

(c) £(2)=(2)2-b5(2)+6=4-10+6=0
and f(3)=(3)2—5(3)+6=9-15+6=0
 f(2)=f3)
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\ Thus all the conditiong
‘one point x = ¢ in (2

' 2.17
THEOREMS

g of Rolle’s theorem are gatisfied. Hence there must exist atleast
v 3) Such thy,, ['(e) =0,
Differentiatin

| g1 Wk x, we have
3 ! |
I {.\']:21'-5 = ) =2 B
=20-5
g
Now, ") =
ow ['e)=0 = 2 -p=g = c=2 (2, 3)
= = —c
Hence Rolle’s theor ; |
! em holdg for the functio ( 2 i
| " Heref(x)=x3___7t2+ o Nf(x)=22—bx 4 6in (2, 3].

@)  frx) = 32 14x + 16 which
€  f(2) =(2p3_ 7(2)2 + 16(2) —
f3) = (33 - 7(3)2

exists for allx (2, 3)
12=8——28+32-—12=0
+ 16(3)—-12=27-—63+48—12=0

f(2) =£(3)
| Thus all the three conditiong
| of Rolle’s theore
fﬂeast sl ofc < (g a1 s Ry ™ are satisfied. Hence there must exist
i We have F'G) =3x2_ 145 4 16

= f'le) =3c2— l4c + 16
. Now, fle)=0 = 3c2-14¢ +16=0
8
= (-2 @c-8)=0 = c=2,§
c=—ge(2,3)

Hence Rolle’s theorem is verified,

(iii) Here f (x) = x (x — 4)? = x — 8x2 + 16x

(@) f (x) being a polynomial is continuous in [0, 4]

(b) f'(x) = 3x2 — 16x + 16 which exists for all x & (0, 4)
() f(0)=0 and f(4)=0 = f(0)=f(4)

Thus all the three conditions of Rolle’s theorem are satisfied. Hence there must exist
atleast one value of ¢ e (0, 4) such that f'(c)=0

We have f'lx) =3x2-16x+ 16 = ['(c)=3c¢"-16c+16
Now

fle)=0 = 3c*-16c+16=0
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4 %1,
= (-4)@Bc-4)=0 = c=4,-é—

¢ =

eS|

— € (0, 4).

Hence Rolle's theorem is verified.

Example 2.

Verify Rolle’s theorem for the function f (x) = (x - g)m ( _ by 4
in ”‘Q

[C.D.L.U. 2016; g 1, 20,
B

1)

interval [a, b), where m and n are positive integers.
Solution. Here f(x)=(x-a)" (x-b)"

(a) Expanding (x—a)™ and (x

~bY" by binomial theorem, we observe that () iSa g
of degree (m + n). i

-

Thus f(x) being a polynomial is continuous everywhere and hence is continygyg inf,
> ®) f'x) =@-a)y" nlx-b-1+x->b)".m(x—a)y"-! “
. =(x-a)" " '(x-b)-n(x—-a)+m(x-b)

’ which exists for all x € (a, b)

= f(x)is derivable in (e, b).

(c)Alsof(a)=f(b)=0

Thus all the conditions of Rolle’s theorem are satisfied. Hence there must exist g,
one value of ¢ € (a, b) such that f'(c) = 0.
Now, f©)=0 = (-a)""Yc-br-ln(c—a)+mc—b)]=0

= eitherc—a=0 or ¢c—-b=0 or nic—a)+m(c-5b)=0

; mb+na
= either c=a orc=b or c=
m+n

Now, c = Mmbtna c (@ b) [ mb +na

divides (a, b) in the ratiom:
m+n !

m+n
Hence Rolle’s theorem is verified.

Example 3. | Verify Rolle’s theorem for f (x) = sin 2x in [0, n/2].
Solution. Here f (.f) = sin 2x

s
(@) Sine function is continuous for all values of x and hence f (x) is continuous it 03

(b)  f'(x) =2. cos 2x = finite, definite and real for all real values of x

: _1and
[+ cos 0 is real and always lies between !
f(x) is derivable in (0, /2).

o
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(0) =sin0=0 and f(w/2) =gint=0

_  f(O)=f(n/2)
Thus all the conditions of Rolle’s theorem are satisfied. Hence there must exist atleast

(c)

" b1 , _
oneé value of c€ [0- '5) such that f'(c) = 0.

wehave f'@) =2co82x = f'(c)=2cos 2
Now, f'te) =0 = 2c082c=0

= COSZC:cog_;E = 2=

n n
= C—ZE[O, EJ

Hence Rolle’s theorem is verified..

[ ST

Example 4. Verify Rolle’s theorem for the function f (x) = (x*- 4x + 3) e**in [1, 3]
[K.U. 2017]

Solution. Here f(x)=(x?-4x+ 3) P2

(i) The function x?—4x + 3, being a polynomial function and %, the exponential function
are both continuous everywhere. Thus their product (x? — 4x + 3) e?* is continuous on [1, 3].

(i) fllx) =(x®—4x +3) e*. 2 + e*.(2x — 4)
= (22— 8x+6+2c—4) e
=2(x2-3x + 1) e
~. f'(x) exists uniquely on (1, 3) and thus f(x) is derivable on (1, 3).
@) f(1) =[(1)2—4(1) + 3] e?=0.e2=0
f(3) =[(8)2—4(3) + 3] e®=0.5=0
f(1) =£(3)

Thus all the conditions of Rolle’s theorem are satisfied.

Hence there must exist atleast one point x = ¢ in (1, 3) such that f'(c)= 0

Wehave f'(x)=2(x2 —3x + 1) e

= flie)=2(c2—8c +1)e*

Now f)=0 = 2(c2-8c+1)e*=0 = ¢*-8c+1=0 [+ €2 0]
,_3:9-4 _3:45
p 2 2

Now, ' c=3+‘/5=2-618e(1,3)

Hence Rolle’s theorem is verified.

/

& s
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Example5.| Verify Rolle’s theorem for f(x) =log (& +2)~log 3 i L

11,
Solution. Here  f(x) =log (x* + 2) —log 3
1 d 2 2x
Ng) = —.— (x*+2)-0=
f (r) 12 +92 dI xz +9

= finite, definite and real for allx € [~ 1, 1]

- f(x) is derivable for all real values of x € (- 1, 1). But every erivapj, f
continuous also. Hence f (x) is continuous forallx e [-1, 1]. Ungy,

Thus (i) f(x)is continuous in[-1,1]

(ii) f(x)is derivablein (-1, 1)
Gii) f(-=1) =log(1+2)-log3=0
and f(1) =log(1+2)-log3=0
f(=1) =fQ1)

Thus all the conditions of Rolle’s theorem are satisfied. Hence there must exist g
one point x = ¢ in (- 1, 1) such that f'(¢) =0 '

, g 2x poy 2
Wehave f'(x) = 2.9 = f'l)= 219
2c
N 4 =0 = =2
Now, f'le) .2

= c=0e(-1,1).

Hence Rolle’s theorem is verified.

Example 6. | Examine the applicability of Rolle’s theorem for the following functis
(i) f@&x)=(x-1)*5on[0,3]

i) fay=1*"+1 0sx<1 (KU
J-x, 1<x<2
Solution. (i) Here f(x) = (x — 1)%6

[ (x) has unique, finite and real valuesin [0, 3]

[(x) is continuous on the closed interval [0, 3].

.2 e 2 . pats”
flx)= 5 (x-1)"35 = W , which exists in open interval (0, 3.) excep

Derivabilityatx=1:

~hy_ b 2!5_0
f(l-h) f(l)zLim(l h-1)

Lf (1)= }‘Jl’na -h h-0 -h
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pich does not exist.
W

Rf'(1)= Lim &‘M=Lim A+ h-15 0

|
|
| hao
| h k-0 h
. ’.2”;
' N =L1m“1~——=lm-—-—-1
h-o g h-y0 ,3/6

which does not exist.

- f(x)isnotderivableatx =1 ¢ (g 3)

Thus f (x) is not derivable in the open interval (0, 3) and hence Rolle’s theorem is not

applicable.

2
(ii) Wehave f(x)= {-" +1, 0<x<1
3-x ’ l<x <2
Heref(1)=2
The given function being a polynomial function is contmuous an

except possible at x = 1.
Derivabilityatx=1:

d derivable everywhere

h
. [B-AQ+n)]-2 h
= L =Lim — — = —
Ao h };‘% ho 1
Lf'(1) = f(l h)-fQ)
h—:-ﬂ -h
2 2
- Lim [(1-hA) +1]—2=Lim1+h -2h+1-2
h—=0 -h h—0 ~h
2
= Lim 2 =2 _vim(h+2)=2

h=>0 —=h h_"
ﬁus wehave Lf'(1)=Rf'(1)
* f(x) is not derivable at x = 1.

Hence Rolle’s theorem is not applicable.

W Iff (x) is a polynomial, then show that between any two consecutive roots
of
Py < =0, there lies at the most one root of f (x) = 0.

Solution, Let a, b be two consecutive roots of f'(x) = 0 such that a <b.

¥
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Suppose that £ (x) = 0 has two different roots «, f} such that o, B lieg, tw ~ M\

B fle)=[(B) =0 Qahq

Also f(x) being a polynomial is continuous on [a, ] and derivab]e on ( }
a,

Thus £ (x) satisfies all the conditions of Rolle’s theorem. b

. There exists atleast one ¢ € (a, ) such that f'(c) = 0

-~ cisarootoff'(x)=0

. Between two consecutive roots a and b of f'(x) = 0, there lieg aT00t of £/ (¢
) ‘I

[ ¢ lieg b
etwe en
g,

which is a contradiction. Hence our supposition is wrong.
* Between any two consecutive roots of f'(x) = 0, there lies atmost One root of f
(),

Example 8. | Show that between any two roots of e* cos x-1= 0, there existy o,
04

one root ofe*sinx-1=0. ,
' IM.D.U. 201

Solution. The given equationise*cosx—1=0

Let @ and B be two roots of equation (1)
e®cosa—1=0 and ePcosf - \= ]

Define a function f(:c) =e F-cosx for all x e [a, B]

. 1 1-e%cos a
fla)=e®—cosa=——¢cosg=—o "%
e e

— P '
f(B)=eP—cosp = i—cosﬂ—l—e—%ﬁ
e
Using (2), we get f(a) = 0 and £ (B) = 0
To apply Rolle’s theorem on f (x) :
(1) [1is continuous function in the cloged interval [a, B]

(i) f'(x) = — e * + sin x, which exists for allx € (a, B)

~. [is derivable in open interval (a, B)

(iii) fla)=f(B)=0 (s
Thus f satisfy all the conditions of Rolle’s theorem,

. There exists some point ¢ e (a, B) such that f-‘(c) =

= —e¢ “+8in¢c =(

— sin ¢ - —15- =0

e
= ec . Sin C- 1 = 0
|
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— cisaroot of equation px Sin x

-1=
Hence the result, 0, where a. < ¢ < p.
ample9. | Prove thap ;
g: Fag, i sa,are reat numbers such that
% a, -
n+jp + _'_I— o L + ”2 * “,. - 0.

then there exists atleast one real number x botw

een 0 and 1 such that
aox’l + arx'l— 1 +

..... +a, =0, K. 2016}
Solution. Consider f(x)= % _,,, a ., a,_,
N+l +-;1—x + e + 2 x2+a_x,xeio,lj|
f0) =0
f) =%  q ap_q
n+1+n Fooe b g t6,=0 |Given]

Thus f (x) satisfy all the conditions of Rolle’s theorem.
*. There exists atleast one x < (0, 1) such that f(x)=0

ag a _ a,_
or ——(n+Dax" + L gyt Pnod 2x)+a, =0
n+l n 2 "
n n—-1 —_
or ayx" +ax to.ta _x+ae =0

Hence the result.

Example 10.| Show that there is no real number k for which the equation x*-3x + k=0
has two distinct roots in [0, 11. [K.U. 2014, 12)

Solution. Let f(x) =x—3x +k (D
Suppose that there are two real roots of f (x) = 0 lying in [0, 1]
Let o, B be two such roots
fla)=0 =f(B) and [a, pl = [0, 1]
To apply Rolle’s theorem on f ) in [a, B).
@ f(x)being a polynomial is continuous in [, ]
(i) £'(x)= 3% — 8 which exists in (a, B)

fis derivable in (o, B)
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(in f=f(P)=
Thus [ (x) satisfy all the
re exists ¢ € (a, p) such that f'(c)=0

- The
c =% 1,

932-3=0 = ot =1

o in (a, p). Thisis a contradiction.

=

which does not h

Hence our supposit

conditions of Rolle’s theorem.

ion is wrong and the result follows.

Verify Rolle’s theorem for the following functions in the given in

. () fC
@iy /(@
(i) SC

2. () JW=" "5

x2=3x-

&l a

f(x)=chzxin[_

4 @ )= log Lx N

f(x) =¥ —6x+11x - 6in[l,3]
[(x)=x+ 32 - 24x - 80 in [- 4, 5]

(x) =3 - 952+ 26x = 24 in [2, 4]

in[-1,4]

(i) f@)=4-x> in[-2,2]

(i) f(x)=[x*-4|in[-1,1]

5]

(i) f()=cos 2[x71) in [ 0, EJ
4 2

(i) f(x)=sinx—sin2vin[0,7]

ab | . .
} in [a, b], where a and b are positive

a+b)x
numbers.
() f@)= e in[-1,1] (i) f(9=¢ cosrm[ 7 :J
: sin x
5. () f)=—5 in[0,7] (i) S r(r+3)f' inf
(iify f(x)=tan x in [0, ]

Iy
(N

(fi) f(x)=2+(x-1)?*3in[0, 2] () f@)= {-
F

. Examine the applicability of Rolle’s theorem for t

() fG)=|x[in[-1,1]

he following functions *

@ fe=2"nk"h 1]

[K.U. 2005]
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f(x) in de fined in the closed interval [a, b] sucp, the
nfx

losed inl erval la,b |
then there exists atleast -

Statement. Ifa funclio

@ fw)is continuous int

i) fx)is derivable in open

f(b) - f(a) _ f(c).
i c e (a b such that _F__‘—__—b-a. £

interval (a, b),

[M.D.U. 2018, 17, 12, 10, 06; K .
-U.g

' Proof. Let us consider a function I (x) =f(x) + Ax
where A is a constant to be determined such that
Fa) =F ()
Now. F(a) =f(a)+ Aa and F®) = =f(b)+Ab
Using (2), we have fla)+Aa =f(b) +Ab
fb)—fla) =—A(b—a)
= __A=f(b)—f(a)
b-a

Now, f (x) is given to be continuous in [a, b] and Ax being a polynomial in x, is als:
continuous in [a, b]. Thus F(x), the sum of two continuous functions £ (x) and Ax is also contin:

in [a, b] and also F(x), the sum of two derivable functions f (x) and Ax in (a, b) is also derivabk:
(a.b).

Thus we conclude that F(x) = f(x) + Ax is

(i) continuous in the closed interval [a, b] (le., a<x<b)

(iz) derivable in the open interval (a,b)(i.e., a<x<b)

and (iii) Fla)=F(b) [Assum

of Rolle’s theorem and hence there must &
¢’of x in open interval (a, b) such that F(c)=0

. F(x) satisfies all the three conditions
atIeast one value

Now, Flx) = f(x) + Ax
F'x) =f'(x) + A = F)=flc)+A
Now F'le) =

=0 = f (c)+A 0 _ A
From (3) and (4), we have =~ Fs

f(b) - f(aq
| T boa  =f'e) for some ¢ ¢ (a, b).

Y
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SOLVED Exa

Examp'e 1. | Verify Lagrrmgt!’n mean valye th

eorem for

('.) f(_r) =2y~ -‘-2 in lo, 1]

@) fx)=x(x+ 4)%in [0, 4]
Solution. (i) Here f(x) = 9, _ x2

£(x) being a polynomial function of x ig continuous for g]) real x.
. f(x)is continuous in [0, 1)

f'(x) =2 - 2x which exists for al] 5 € (0, 1).

Thus both the conditiong of La
must exist atleast one point ¢ ¢ (a, b

Thus f(x) is derivable in (0, 1).
grange’s megp value theorem are satisfied. Hence there
) such that

b)- f(a '
-f—(%__.g(flzf (c)Wherea:O, b=1,

Now, ) =294 = flley=2-9¢
f(a)=f(0)=0—0=0

(1)

and fo)=f()y=2_1-
1-0
From(1), 120 _, ,
rom (1) -0 c
= 2-2=1 = g9.-1 - c:%E(O,D

Hence, Lagrange’s mean
(ii) Here f(x) =

f(x) being a polynomial function is continuous in [0, 4]
f'(x) = 3x2

value theorem is verified.
x(c+4)? = x3 + 82 4 164

+ 16x + 16 which exists for allx e (0, 4). Thus

Thus both the condition
must exist atleast one point ¢

f (x) is derivable in (0, 4).

s of Lagrange’s mean value theorem are sati
€ (a, b) such that

ﬂ%ﬂ:f’(c)wherea=0, b=4
-a

sfied. Hence there

(1)
Now, f'(x) =3x2+ 16x + 16
= f'(c)=3¢2 + 16¢c + 16
f(b)=f(4) =4(4 + 4)? = 256
anq

f@)=£(0)=0(0+4)*=0

Scanned with CamScanner



[z30] ey,

2569 _ 3.2+ 16¢ + 16

- From (1), 1.0

= 3c24+ 16c+ 16=64 = 32+ 16c-48=0
_8+4413

= = 3

N .:=____—‘3*““/i§ ~ 9213 (0, 4)

™ 3

Hence, Lagrange’s mean value theorem is verified.

E#?_] Fmd‘c’«fﬂeugruugammluetheommif
fO)=&-1)(x-2)(x-3) and a=0,b=4

Solnﬁon.Hatf&x!:lr—l)(t—Z)(_r—3)=x3—6r2+111:—6

f(x) being a polynomial in x is continuous in [0, 4]. _
' f(x) = 3r2 —12 x + 11 which exists for all x € (0, 4). Thus f (x) is derivable in (0, 4)

Thas both the condition of Lagrange’s mean value theorem are satisfied. Hence the
’ mmst exist atleast one point c € (a, b) such that

&;—_f(_a_) =f"(c) wherea=0, b=4 Al
-a

N f/@)=32-12x+ 11

fle)=3c2-12c +11
fB)=f(4)=(4-1)(4-2)(4-3)=32.1.=6
e f@=f0)=(-1)(-2)(-3)=-6

, -~ Froma (1)), 6-(-6) _ 32-12 + 11

|

= 22-12c411=3 = 3c2-12c+8=0

=12¢,/144-96 6+2/3
6 -3
Both the above value of ¢ lje between 0 and 4.

c

Examp{e 3. | Examine the validity of Lagrange’s mean value theorem for the funt o
f ) =x" in the interval [- 1, 1].

Solution. Here f(x) = x1/3

(@) f(x)is continuous in [~ 1,1]
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]_ B -
I ® &)= 3% A |

1, 1) except at x = 0.
Derivabilityatx =0 . P

| Rf'0) Lim /(O 4 p)_ £(0)
= [in W13 _
t -iQt ,1 h‘"'ﬂ W
which does not exist. |
Thus /() does not exigt forx = €(-1,1)
]

= f)isnot derivah]e in (-1

» 1)
Hence, L

agrange’s megap value theorem 18 not, applicab]
e,

Example 4.

ri
Verify L agranges Mmean vqlye theorem for f(x)= 8in x i
In

[E 5w
2’ 2|
Solution. Here f(x)

= Sin x [K.U. 2014
Now, sin x is finite, definite and rea] for allx [% Y _53[_}
o 2
f () is continuous iq [1, -5.1]
2 2
f'(x) = cos x, which is finite definite and real for allx e ("’ . @}
2 2
. . ) T bn
f(x) is derivable in (E ) —2—)
Thus both the conditions of Lagrange’s mean value theorem are satisfied. Hence there
must exist atleast one point ¢ € (a, b) such that
- 5
f(b;—z(a) = fl'(c) Wherea=%| b=_2£ (1)
Now, f'(x) =cosx = f'(c)=cosc
5n . O _
fb) = f(-z—Jzam x-
) _ o F_ 1
ang f@ =f |7 =sin
1-1 sc=0
=co8c = CO
2 2
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n 3n On
—y cC = _§| 2 L] 2 e
dn n b
Now, c = 0 ‘ 2" 2

nlue theorem ia verified.

n the interval stated by mean value theorem. i

example 5. | Verify

ol Find a pointci

on |l 2
Solution. Here f(x)=logx

£ (1) is continuous in [1, 2] as log x is finite, definite and real for all x > 0.

f(x)= 1 which exists for z‘lllx £ 0. Thus f (x) is derivable in (1, 2)
X
Thue hoth the conditions of Lagrange’s mean value theorem are satisfied. Hence .,

~ust exist atleast one ¢ € (1, 2) such that

M =f'(0) where a=1, b=2

b-a
Now. @=L = fo=1
x c

fB)=f(2) =log2 and f(a)=f(1)=1logl

. From (1), M—I = 1
2-1 c
- 1
log2-logl == = 10g2=1 [+ log I+
Cc c
1
cC = =
log 2 log,e.

Example 6. ] r r r
p Usmg Lag ange’s mean value theo em, prove that
]

| |smm-sinn|s:Im—nlforallm,n.
Solution. Let f(x) = gin x |

f'(x) = cos x

b ’ .
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D 4

ditions of LL )
s both the condit ) “Brange’s mean value theorem are satisfied, therefore there
Th Jeast one pointc e (m, n) such that

fgﬁ

sl cxiStl ! . .
ot SIn M — sin n,
- —
m-—n f (C) = Co8 ¢

sin m - sin n
_-__‘_—_'——n

m-—n =‘°°“¢|Sl

|Sinm-—-sinn| < |m=np |

2
X

2(1+x)’ ¥>0. KU 2018, 15,06

1

Solution. Letf(x)=log (1 + %) — [x _ff_)
2

Differentiating w.r.t. x, we have

fley = 1 0
1+x 1 -2)
= 1'_(1—152) x2
1+x 142 0. [ x>0

.. f(x)is an increasing function of x for allx>0

fx) >f(0) forall x>0

2
= 1 - =%
og (1+ x) [x 2 ) >0 [_._ f(O) = 0]
= x?
log(1+x)>x- 5
= xz
x—? <log(1+x),x>0 (1)

2(1+x)

Differentiating w.r.t. x, we have

r 1
g'tc) =1 %{23:-&3: ]

[
/ 2
Let g (x) = [x— a }—log(lﬂs)

Q+x)? | Ll+x
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glx)is an increasing function of x forall x>0

gx)>g (0) forallx>0

' > x- 2(;2+x)—10g (1+x) >0 (),
X2
=N x— 2(1+3(:)>10g(1+:x:)
= log (1 +x)<x-— T forallx>0
o2 2
From(D)and(2), x- —2—<log(1+x)<x— TPk x> 0.

Example 8.| Use mean value theorem to prove that

l1+x <e*<1 + xe* for all x > 0. [K.U. 2007; M.D.U. 2
Solution. Consider f (x) = ¢*; [0, x]

Here f is continuous on [0, x] and derivable on (0, x), therefore by mean value theor
there exists some ¢ € (0, x) such that

f(x)"f(o) ot
R =f'(c)
or et e =
x-0
or e’ -1 _ .
X
As 0 <c<x
e <ef<et
or 1 <ef<e”
1< £ =i <e* [Usl'ﬂg“l
x

Scanned with CamScanner



4{VE/AND MEAN VALUE THEOREMS

ﬁﬁ Dﬁﬂl‘m t,

AUCHY s MEAN VALUE THEOREM
C e
g i1 F"‘

. t
Letf and g be two functions defined on closed interval [a, b] such tha
" fand g are continuous on closed interval [a,b)

i fand g are derivable on open interval (a, b)

i) €W 0 for allx € (@, b), then there exists atleast one point ¢ € (@, b)

f(b) f(a) f ()
such that = )
suc g(b) = g(a) g! (c)

(M.D.U. 2007]
proof. The given conditions imply that g (a) « g (b)

Suppose that g (@) = g (®). In this case g satisfy all the conditions of Rolle’s theorem. So
there exists atleast one point ¢ € (a, b) such that g'(c) =0

This is a contradiction to the given fact that g'x)#0forallx e (a,b)
\

Thus our supposition that g (a) = g (b) is wrong and hence g (a) = g (b)

Let ¢ (x) = f (x) + A g(x) where A is constant to be determined such that o (a) = ¢ (b)

= fl@)+Ag(a)=f(b)+Agh)
= Algla)-g B =f®b)-f(a)
B A [®O-f@
gla)- g(b)
f(b)-f(a)
= —A=——"——
. A= gb-g =

To apply Rolle’s theorem on ¢ (x) :

(i) fand g are continuous functions on [a, b [Given]
¢ (x) =f(x) + A g(x) is a continuous function on |a, bl.

(ii) fand g are derivable in open interval (a, b)

* 9() = f(x) + A g (x) is derivable function in (a, b).
(£i) ¢ (a) = ¢ (b) (assumed).

Thus ¢ (x) satisfy all the conditions of Rolle’s theorem.

[Given]

" There exists atleast one point ¢ € (a, b) such that ¢'(c) =0

= f'ic)+Ag'(c) =0
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240] p
) __a

= '(c)

flie)  [(b)- f(a)_
) - g(a) [Uﬂing,

Lagrange's mean value theorem is a particular case of Cauchy’s mean value the R,
Ifg () =x, then g'x)=1,g(b) = =bandg (a)=a.
Putting these values in Cauchy’s mean value theorem, we get
f'(c) _ fb)-f(a)
1 b-a
which is Lagrange’s mean value theorem.

Example 1.

Verify the Cauchy’s mean value theorem for f (x) = 22, g (x) = 43 in]:

Solution. Here f(x) = % and g (x) = x3

() fand g being polynomial functions are continuous in (1, 2]
(@) fand g being polynomial functions are derivable in 1,2
(@) g "(x)=3x2# 0 forallx e (1, 2).

Thus the conditions of Cauchy’s mean value theorem are satisfied. So there existss
point ¢ € (1, 2) such that

f@-fO) )
82)-g) ~ g

o | 4-1 2
-1 32
or 3 _ 2
T 3¢
or
c=—

5 Which lies in (1, 2)

Henc i
e, Cauchy’s mean valye theorem is verifieq

|
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ATIVEAND MEAN VALUE TiEoRimg
.‘Qt‘l 8in a - gin | R
CORB —cop g €00, 0<a<h<P< 9°

Show that

tion. Conside

rtwo funct;
Solu tHons fand # such that,

x)=8inx anc ) =
f(x 1 g (x) - Conx for all v . le, B, 0O

. T
<u<p<

hy's me [ ?
pply Cauchy's mean value theorem o,

Toa

[(x)and ‘
i )= ginx and g (x) = 8 (x):
( )

CO8 X arp i ‘ '

' continuous functiong in the closed interval [u, B].
”ﬂ f.e(".] =08 X and g (t) = - 8in X

punction fand g arederivable i (at, )

G g’ =— sinx =0 forallx ¢ (a, B).

Thus the conditions of Cauchy’s megq _ ‘
. ooint 0 (@ B) such that theorem are satisfied and so there exists

I®-f@ g
EP-g(@) ~ &g

sin B —sin ¢

cosP-cosa  _ging
sin o —sin
= - = —cot
cos 3 —cos a °
f
sin o —sin
=

— T
cos B —cos o cot § Wher‘?_°<ﬂ<9<l3< 3

e - - /
Verify Cauchy’s mean value theorem Jor the following functions :

1

/

Let the function f be continuous in [a, b] and derivable in (a, b). Show that
there exists a number ¢ in (q, b) such that 2¢ [f (@) - f(B)] =f"(0) [@® - &), |

L. (i) f(x)=sinx, g(x)=cosx on [‘

A

(i) f(x)=¢* g(x)=e*on]0, 1]

3. Iff"and g’ exist forallx € [a, b] and if g'(x) 2 0 f_or all x € (a. b), then prove that

for some ¢ € (a, b) gB)-g@ @

Irncnr—aowmxm

If £ and g' are continuous and differentiable on' [a, b], then show that for
a<c<b

N
N

|

f(b)-f(a)-(b=-a)f'(a) _ f"(C)‘
g(b)-gla)-(b-a)g'@)  g"(0)
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B A =

(l’,l-) cC=

| -
.

) n
1. e=-7

ANSWERS

2.12. TAYLOR'S THEOREM

a+hlis such that

d on [a,
functions of x on [a, a + k]

If a function f define
@) L e fn-1are continuous
@) f ") exists then there exists atleast one real n,,

\

p,0<6<1, such that

on (a, a + h),

2 3
k f"(a)+gT £ (@) e

—

fa+h) =fl@+hf'@+ 5

n-1 n_p\t-
T + -—'—-_-__-fn-l(a)+h (1 9) pfﬂ{ .
(n-1)! p(n-1)! a4
Proof. Consider the function
(a+h- x)?

ar®— 2 fl'(x)+...

¢(x)=f(x)+(a+h—x)f’(x)+ 51

(a+h—:lc)“’1 .
et T (p=1)! f (%) +(@+h-xPA .

where A is constant to be determined such that ¢ (@) = dla+h)

Puttingx=a,a+h in (1), we get

n-1

. rf _’12_ " h n-1
p@=f@+hf (a) + T f (a)+....+(n_1)!f (a)+hP.A

bla+h)=fl@+h)

Since o la+h)=¢ (@)

7 h2 n-1
@+h)=f@+hf'@+ o " B pn-
fla fl@)+hf'(a)+ o1 (@ +..+ (n—l)!f @)+ h? - A

To apply Rolle’s theorem on fx):
@) f (), f'(x), f"(x), ...., "~ (x) are continuous on [a, a + hl v

@+h-2),@+h-22,...,(@+h-2)""1 ‘ . .
the closed intorval [g, @ 4 A] ’ )1 (a+h-2P, -pelpg polynomial

P
g are Cﬂﬂtlnua

/
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..(A)
| h h® h”
le 3. Show that log (x + h) = lo X == ek (= D1 ]
@ Bx 200 N n (xz+6h)"
Solution. Let f(x+h)=log (x + h) Y.
f(x) = log x
flay =1
x
re 1
(x) =— =
[l =
fre = S (42!
x x
finy = EDEDED (0 31 [
X x
“1""2(5 — 2!
Fr=1g) = (-1) "(_n; 2)!
x
-1
,‘n (x) - (_1)n H.l 21_"_1)_
X
(n-1!
n —(_1yn-1
f (x+0h) = ( 1) (x+0h)u )

By Taylor’s theorem with Lagrange's form of remainder, we have

2

f(x+h)-_.f(x)+ hf'(x)+ h—f"(x) &

ha n
b s +
o T f'"'(x) +

n—

h ! n-1 _’i n eh
1)!)" (x)+n1f(x+ )

(n -
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CED ¢

Substituting the values from (A) in above equation, we have 1‘

h  h? Kt 21

log(x+ M) =logx+ — i —
g % 2 x 2x%2 31 4

hnol (n-2)! AR

_" 1" 2 ATl
ot P A LGS BTN
h? o h? 9 A1 (x
= log x , et (D) — 0 / n- no
log » *.\' 2x? '3.1‘3 Pt D (n-1)x""! k(-1) ln( h E
x+ﬂh)a
Example 4. | Show that for every value of x,
‘,.? ‘ x2n-! 2n
iR x=x-— ¢ — 4 (=D" 1 (- > _,
3! 5! 3 (2n—1)!+(1) (2,0;'""‘933, O<9<1
Solution. Let f(x) =sinx [KU&
We know that f™Mx) =sin ,: x +%J
f#-Yx) =sin [x+(2n—1)g]
2n . T
f*(x) =sin [x—g—Zn.E]
Hence, f(0) =sin0=0 A
f'(0) =sin (EJ=1
2
) = sm( )=sinrc=0
f"'(0) = sin (ﬁjz—l
2
_ ) .
f%0) = sin %5? =8in 21 =0 !
f(0) = sin 48 =1
2
*2n - | . [ I
[-X0) = sin| 2n -1
i 2
. T
= 8in nn—-—-):(—-l)"sin _.7_r
\ 2 9
=(=1)+1= (2 q)n-1
% .
f“(0x) =sin (0x+nn)= (=1 singr |
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[ ]
By Maclaurin's theorem, we have

' x2 3 4 b
f("') = f(O) + X f 0) + '2—1- f"([])_i_% frn(o)_*__'l:_l_ ffl)(o) ¥ -;——'- fU(O) + aeee

2 _ 1 2n 1(0) 2" fz"(ex)
+____..
o 4 (2n—1)lf (2n)!
gubstituting the values from (A) in above equation, we have
o2
sinz=0+x.1+ 97 O*_( ”1*7 0+—( D? +
2n -1 2n
S X (-1)" sin 6x
(2n-1)! (2n)!
3 b
i X X 2n-1 2n
—.‘c———+___ et (=D 1 _qyn * y
3! 51 (2n—1)[+( 1) (Zn)!smex.
Expand e® si.
M’—- e® sin bx by Maclaurin’s theorem with Cauchy’s form of remainder
er-n ferms.

Solution. Let f(x)=e% sin bx
f'(x) = ae® sin bx + e** b cos bx.
=e™ (a sin bx + b cos bx) |
f'"(x) = ae*(a sin bx + b cos bx) + e** (ab cos bx — b? sin bx)
= e®* [(a®~b®) sin bx + 2ab cos bx] | )
f'"(x) = ae**[(@® - b?) sin bx + 2ab cos bx] + % [b (a2 — b?) cos bx — 2ab? sin bx]

=e% [(a® - 3ab?) sin bx + b(3a2 - b?) cos bx]

---------------------------------------------------------------------------

---------------------------------------------------------------------------

We know that f(x) = (@® + h2)yM2 g8% gin (bx +ntan™ %}

Letx=0, ». f(0)=0
f1(0) =b
f"(0) =2ab
£(0) =b(3a®- b?)

ab
fr(ex) = (a®+ b2y ¢ sin (bﬂx +ntan™ -;)
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- i b ny s reilain <
Jues in Mnclaurm 's theorem with Cauchly der, wey, 4
!
g these va

aVe
Puttin (1= 0)"" 1 i
2 ) 4o+ A= £n0r) whey
/-(_1.)=f(0)+.rf(0)+ —-—*f(O)'*' f ( (n-1! €0 g

2 3 i
= + X bBa-b")+...
e sinbr=0+x. b+ ;2-720{” 1 )

N n-1 2, K2yn/2 aﬂx
‘ oy’ ,fL,_(l 0" (a” +b%) (ng+nta y

.; f

2
X 02 _ h2) =
:b.1'+201).-2—!— +b(3“ b) 3l+

n

X a P
(@ b (1- 01~ s e [b&"*ntan-zz

Example 6. | Expand Jx in ascending powers of x by Maclaurin’s theorem, if Dogg

Solution. Let f(x) = \/;

and f''(x)=- W

1
"(x) =
f 27z
Putting x = 0, we get

F10) =0 and f"(0)=w

This shows that f(x) = v/x cannot be expanded in ascending powers of x by Maclar
theorem.

Example 7. | The expansion of function f(x) = (I - x)%/2 is

f (0) + xf'(0) e f”(Bx) k0%
Find the value of 0 as x — 1.

Solution. Here f(x) = (1 —x)52

= f(0) =
v b
f(x)---E(l-ac)‘*"2 = f(o)_._E
ind ") = 19
le =2 -0 o gy 2 -0
oW F&) = £ @+ F0) + 2 prgyy q
2
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ATIVE AND MEAN VALUE THEOREMS

(1-x)52 =

0= 1 - E. 4 _]._rl(l _ ”)H').
2 8
15
— (1 = 0)1!2 - :?l
or 8 2
(1-gp2_3, 8
4 16 9
(1-8)“22-— — ‘1_92___ 92——'
a 5 25 25
1. State and proye Taylor’s theorem with Lagrange's form of remainder after n
terms. \
2. State and prove Maclaurin’s theorem with Lagrange's form of remainder after n
terms.
3. (a) State and prove Taylor’s development of a function with Cauchy’s form of
E remainder after » terms and hence deduce the Maclaurin’s expansions .
(b)  State and prove Maclaurin’s theorem with Cauchy’s form of remainder.
X 4. Expand o* by Maclaurin’s theorem with Lagrange’s form of remainder after
terms. ’
E S. Show by means of Maclaurin’s expansion that
R 2 4 2n In+l
x* x X
C (1) cosx=1- 2—!+T!-—' ..... +(=1)" v H)!sm (6x)
2 n
x 4 X ol x
i =X - — ... +(=D)"4 +(=D°
I () log(l+x)=x > + 3 +(-1) ( T
S x2 x& -1
E @iy log(l-x)=-x- 5Ty - il n(oto
2 ‘.3
P 2s : 2 qp2) —
2 (iv) €™ cos bx=1+ax+ (a*- 2)?!‘+a(a =3P ==+
® 5 i
— n o
..... +:5.T(az + b2/ 2 gatx cos(b&r+n tan ‘ﬂ [C.D.L.U. 2013)
' n
L s 1 | S
) 2 _ —x"(sin Bx+cos Ox) ,
6. Showthatsm.\:+cos.r=|+.‘t—-a-’¢ 3!3‘3"‘4!"‘ (

[M.D.U. 2013, 12]
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i‘,.,p':ule cor finding Maxima-Minima of a function f (x, y)
g

~_kin
wor ’
- pindfs and/y | |
s L e the equation f,=0andf =0 simultaneously for x and y. Let the pair of points be
0
2

' (,'tl, yl)! (x2! yz)y

. Lot A= faw B =f,y» C =1}, Find the values of A, B and C for each pair of points, obtained
i 2.

in step

E . . If for a PAIT of value (say (x.n ) AC-B2>0andA « 0, then f(x, y) has a maximum
4 for this pair and f(xy, y,) is the maximum value of f(x,y).

S

. ) IfAC- B2>0 an.d A >0 at (xy,,), then £ (x, y) has a minimum for this pair and
e flxy, yy) 8 the minimum value of f (x, y).

iy If AC-BZ<0 a.t (x4, ¥y, then there is neither maximum nor minimum at (x1, ¥1)
and f (x, ¥) is said to have a saddle point at (x4, ¥,).

(@) IFAC-B?=0at (x},y,), the test is inconclusive and needs further investigation.

example 1. | Examine for extreme value f (x, y) = 3x2 - y2 + &3,
[K.U. 2015, 14; M.D.U. 2014, 05]

Solution. Wehave f(x,y)= 3x% —y2 4 &8

i=6x+3x2=3x(2+x)

ox

2

Of _6+6x

P

o __g

—_— = - y

oy

o*f _

L =-2
and f _o.

Oxdy

Forememevalues,% =0and%fy—=0

e 3x(24+x)=0 = x=0,-2 and -2y=0 = y=0
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Thus the extreme points are (0, 0) and (- 2, 0).

of f
At (0,0): A= pw3 = 6, oy
AC-B?=~12¢« ()

. (0, 0) is a saddle point,

At (-2, 0 A=-0G, B=0 C=-2
! !\C—”Q=12>0 and A=_6<O

(= 2,0 is a point of maximum and maximum value=f(-=2,0)=12-04(_ Beg

mine the function f (%, y) = & + 97— 63 (x +y) + 12xy for masim,
n

example 2. | Exa M
M.D.U.2075 ,
o

minima.
3 4 y3 — 63(x +y) + 12xy

'snd

and

or

Le.,

or

Le.,

Solution. We have [f(x,y) =%
& _32-63+12y=3@2+4y-21)
ox

o _3y2_63+12c=3 (2 +4x—21)
&y

d
For extreme values, Fo 0 and F
x2+4y-21=0 A
y2+4x-21=0 r

Subtracting (2) from (1), we have
(x2-y2) +4(y-x)=0
(x-y)x+y-4)=0
x-y=0 or x+y-4=0
x+y=4 and x-y=0

When xz+y=4 le, y=4-x, then from (1),
¥+ 16-4x-21=0

x2-4x-65=0
x-5)(x+1)=0 = x=5-1

Now whenx =5,y=-1landwhenx=-1,y=5

Thus the points are (5, - 1) and (- 1, 5)
Whenx-y=0 ie, =y, thenfrom (2),

y2+4y-21=0
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g ANEEEEE T TR TION OF g
b’ +7) ('Y =3) = 0

f y)=xy (@-x-y)

=axy —x2y —xy?

| ax — x2 —
‘! Subtracting (2) from (1), we get.

i aly —x) - (y2-x?) =0
b

1.7
T, x=—Tang Y=~1713
gow wheny == 1 RNy <3 ng
45 the points are =7 -Tand (3, 3)
Thnce the extreme points are (5 _ (<1, 5, .
He g T Dand(
\_E—f=ﬁ\?. B::azr '
<0, :-'&_2 —-——~ax®=12 angd Czﬂif_'__ﬁy
7 =
-V A=30, Be1p o r
AC-B? =-180- 144 <0
Thus f has neither maximum p, Minimum g (s )
At(-1,5) =8 B=12, .y G-, saddle point
AC-B® =-180-144 = _gy, <0
Thus f has neither maximum oy, Minimum g4 (_
-T: A=-42 B ( 1’5)Emd’“’(ls"s)i‘e.a.saddle oint
At(-7,-1): % B=12, Calye i
AC-B? =1620s and A<
Thus fhas a maximum at, (— 7,~7) and Mmax. value = f(_7 _ T) =784
ALGS):  A=18 B=13 . '
AC-B? =324 -144 - 189, and A=18 5 g
Thus fhas a minimum at (3, 3) and min. valye = f(3,8)=-21g
; rExa_mine for maximum and minimym values of the function
flx,y) =xy(@=-x- ) (K.U. 2008)
Solution. We have:

(1)
«(2)
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- I = - ED
[zs] °ﬁq%

(y-x)(@-y-x) =0

or 0
y-x=0 or a-y-%*=

x+y=a

le., _
= x=Y and

Putting x =y in (1), we get
ay - 2y?-y* =0

-3 2 =0
or oy 4

a
il.e y@-3)=0 = y=0'§

a ~— a
Now. when y=0,x=0 and when y = 3 x=7

a a
Thus the points are (0, 0) and (-g, 5] .

Putting x+y=a ie,y=a-xin (2), we get
ax-x2-2¢(@a-x)=0 = - ax + x2

iLe., 2ix-a)=0 = x=0,c
Now, when x =0,y =a and when x=a,y=0

Thus the points are (0, ) and (e, 0).

a a
Hence the extreme points are (0, 0), (a, 0), (0, @), (—, —]

3 3
2 2 2
Also, A:ﬂ:—z‘y’ B = af:a_Zx_Zy, C=.a_£=_
o ey %
At (0,0): A=0, B=a and C=0

AC-B? =—_qg2<0

Thus f'has neither maximum nor minimum at (0, 0) and so (0, 0)is a saddle point.
At (a,0): A=0, B=-q, C=-2¢
AC-B? =—(—g)2=—q2<

Thus fhas nei‘ther maximum nor minimum at (a, 0) and so (a, 0) is a saddle point.
At (0, a): A=—2a,B=-—a,C=0 '

AC-B? =—(_a)2=_a2<0

Thus fhas neither maximum nop minimum at (0, ¢) and so (0, @) is a saddle point.

At[2 %), A__2 __a 2
(3)3} A— 3a’ B—-—-—S-and C=--3—a
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a
qum at | —
f] as 8 maxm (3

(28] = (8) (2 ezt _0) . @¥a]
socooe=f(3:5) < ()(3)fe-5-2] - 2.2
gvamine for extreme values f (x, y) = 5# . yi-2x24 dxy - 292, -

@ﬂw IMDUZOIB 06,K.U. 2014

yjon. We have FOoy) =at byt 2 4 4oy _ g2

fhos

Solu
%xf_ =4’ -dx+ gy
0,
L. _f =4y3 + dx - 4y
pi oy
of _
For extreme values, % =0and — o
x=x+y =0 D)
£ yi+x-y=0 .(2)
Adding (1) and (2), we have
3 +93=0
4 (x+y) 2-xy +y2) =0

- Forreal x, x + y = 0 is the only possibility.
Putting y = —x in (1), we get
x3—x-x=0
r x3-2¢ =0
0 = x= 0, JE

- 2)and(—f2_-«[2-)

Hence the extreme points are 0,0); (ﬁ ’ ‘/_

x(x2-2) =

e -

2
Now, e Of _qo2-4
axZ
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and

- REe

B = azf =4
dyox
o°f 2
C=—35 = 12y% -4
oy*
At (0,0): A=-4, B=4 C=-4
AC - B? = 16 - 16=0
quired.

. At (0, 0), further investigation isre

For sma

For h = k, we have

Asf(h, k) -[(0,0)doe

Wh, kandh # k, we have
f(h, k) - f(0,0) = h 4 kd = 202 + dhk - 2k?

__2h-k2<0 [Neglecting h?, k4 qq bk
' Qre My

P, k)= £(0,0) = It + Bt =207+ 4h? — 2h2

=2h4>0

s not keep the same sign for all small values of k and k, oy
150 eot

(0. 0) is a saddle point.
At (V2,-42): A=20, B=4, C=20

AC-B2>0 and A>0

= fhasaminimumat(\/_,—ﬁ).

Minimum value = (/2 ,-+2)

(VY4 (=2 ) =2(42 )2 + 442 (=42 ) - 2(-y2 )2
=4+4-4-8-4=-8,

At (-2, 2): A=20, B =4,C=20

AC-B*=400-16 =384>0 and A=20>0

f(x, y) has a minimum at (-2 , /2 )

Minimum value = f (-2 ,42)=-8

Example 5.

Examine fi
ormaxi s
imum and minimum values the function

Solution. Let f(x, ¥)

sinx+siny +sin (x +y). [K.U. 2016; M.D.U. 2015’02‘.

=8. : .
INX+8Iny +sin (x +y)
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1 OF A FUNCTION OF Ty VARIAiL g

/ f/_- = CO8 X + CO8 (x + y) .

X

f_f, = CO8 Y + CO8 (¥ 4 y)

. 0 and of - ()
- o ﬂ.\r

o8  + CO8 (X + y) =0

cosy +cos(x+y)=0 (1)

..(2)

ing (2) from (1), we have
.lf,..--!“'t coRx—cosy=0 = Cos x = cos y
) co8 X + €08 2¢ = ()

vt cos ¥ =— CO8 2x = Cog ( - 2x)
- x=n—-2¢ = 3x=n

x=73 and hence y=-:73E

[ - :\ . .
P .n. ,— | is astationary point.
0 9/

82f

“\'OW. - __"2 —

= -sinx-sin(x+y)=-[sinx+sin(x+y)]

B

Il

o
oy =-—sin(x+y)

2
C= (—;—g— = —giny —sin (x +y) = - [sin y + sin (x + y)]

AtpointP |5 5) s A=c|ein® gg]
PﬂlntP[3,3). A= Lsun3+eun3

B
2

. 2n ; ®) o _sin=
B:—Sll’l'-s—'="'mn[n”3} Sm3

| ) -
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waivrasdill: . T I CM‘“\

>0 and A <0.

3_9
—_— 2: —_—— =
AC-B?=3-77%

Thus f(x,y) hasa maximum at P
on 843

| ain "+ ain T +ein — =
ue = - i —_——
J ’1 [ 2

‘

and maximum va
that the rectangular golid of maximum volume that can y,
e ‘%’1&,1

A

e rectangular solid inscribed i,
: 2 3ph

Example6. | Show
in a given sphere is a cube.

Ly

.y, z be the dimensions of th
o,

Solution. Letx
e rectangular golid is equal to the dig _
Meter of

diameter d.
. By symmetry, the diagonal of th

sphere.
42 =22 +y2+2°
or 22 =d2—.x2"y2
Al
Also, volume V of the rectangular solid is given by |
V= :i:yz =
V2 = x%y%? = x2y%(d? - x% -y [Using
Let flx,y) = d2x2y? — xy? - x2y*
of
= = d2y22 — dady? — 2yt
% - odtly — 2ty — dx%yS
o*f
5;2_ = 2d2 2_12x2 2_2y4
of 2 gyl
P = dxyd? — 8x% — 8xy®
o*f
— = 2d2x2 — 9t — 12x2y2
For stationary points, % =0 and %f_ =0
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|- e e V] | J e LD
1" 2xy2(d2 —x2 y2) o
20y -5 = 2% = 0
[ d2_2x2_y2=0 (2
‘ d2_x2_2y2 =0 .
| 284yt = A3)
X%k 2% = 2 ..(4)
" (4) we Eﬂt “'(5)
ctingtm from (4), .
- R-y=0 s xay
Ao 4), we get
) 2% + 2% =d? = 32. g2
d2
P = x= —d—=
2 3 3 y
aea-fotd
From (1), ; 3 3
d
z =
3
d A-az_f—zdzz 1323 _ g
HER = 7 = 2% - 12 - oy
d2 d2 d2 d4
B T T R Y
2d : & 9
2d* 124* - 2d* B @i
2 .
Oxay
4d* 8d* §d_4_ B éc_zi
=3 "9 9 d
¢ = L o ggnt -2t - 120"
ay2
4
od* 2d* P_Eii__, s
=3 "9 9 :
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Here AC_pe _ 64d® _16d° 184 g
81 81 81
an 4
d A=-84 0
9
. 7]
.. Volume is maximum when x =Y = z= :f_j_ ‘

Hence, the solid is a cube.

without top is to have volume 32 cubic fees B
|

I for its construction.

A rectangular box

Example 7.
dimensions of the box requiring least materia
[K.U. 2017, 16; M.D.U. 20141 “]
Solution. Let length of the box = x feet -
Breadth of the box =Y feet
Height of the box = 2 feet
It is given that volume of box = 32 cubic feet
xyz =32
= zZ= _3__2_
xy

Let S be the surface area of the box (without top)
S =xy + 2yz + 22x

Pllttl[lg zZ= _33 , wWe have
xy

S = xy+2y[%)+2(§%]x
Xy xy

g 64 64
=xy+—+—
4 %
For extreme values, -(’}—S=O.':1nd‘g§ =0
o0x oy
Here 6_S = _ﬁ
dx x*
[ - 5 64
dy - h?—
2
A=25_128
x2 x3
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ﬂ“d‘p”""

o 0%8 ,
B-_E)xé)y~
oy* oy

oS
S _pand — = 0, we get
. = (\)J

“ing "':;\'

™
64 64
) -— =0 = = e
Yy o2 y 2
4
\,—972* =0 = x=§f12_
y y

ing the value of y from (1) in (2), we have

x4

64

64
X = s
(64)

3

X

B 11| 98
xLE‘A } 0

— either x=0 or x3 = 64

(xh)

But x = 0 is not possible
x =64 = x=4
Nowwhen x=4,y=4
. (4,4)is a stationary point.

128 1928

64 64
AC-B2 =4-1=3>0 and A>0

“ (4,4)is a point of minima i.e., S is least at (4, 4)

At (4,4); A =2, B

1, C

- Dimensions of box having least surface area and thus requiring least m
©nstruction will be

Length =x =4 ft.
Breadth =y =4 ft.

32
4x4

2

Height =2=—= =2 ft.
xy

| .

LE 4

{1}

.A2)

aterial for
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w

9.

10.

(1) = 3axy +y?
[K.U. 2000)

“f) y2+xy+x4

(i x4y bty b x by (V) 434
/ X~ 12y+20
) x4yl Gr by,
(v) X Hptbbrd 12 (vl) x4 X2 |2xy 20;,]

(K.U. 2017, 15; M.D.U. 2004)

(KU, 2005; Dy
(\-H) .\"‘_]'2 (l -x - y) (W”] x + Sxyz ]sz 200‘]
-~ ]5}»2 N
(ix)  x%? - 5x% - Bxy - 52 () K-xysy2, 3 "
_ Y.

[C.D.LU., 2013]

l- . ' [ U 2“‘”'
ixamine for maximum and minimum values of the functiong . Y
0 N a " a 50 @ b
Nt =—t—, a i)y Xy+—4—
X y ( ) ¥ y y 4> 0. b >G

. P [KU 20”1
(1) Show that f'(x, ) = 2x* - 3xy + y2 has neither a maximum nor 5 .
at (0 0). i

(i)~ Show that the function /' (x, y) = (x - y)?
maximum nor a minimum at the origin.

+ X3 -+ h“"ﬁitha
Show that f (x, ) = (y — x)* + (x - 2)* has a minimum at (2, 2),
()  Examine for maximum and minimum values of the function

cos x + cos y + cos (x + y). (MD.U. 2014)

(i)  Examine for maximum and minimum values of the function

| 1
f(x, y)=2sin 5 (x+ y)cos 5 (x=y)+cos(x+y) [MDU. 200

. 27 , o ke
A rectangular box, open at the top, is to have a volume of — cubic. . Fin

dimensions of the box requiring least material for construction.
[M.D.U. 2012.07

I : jmum art ¥
Show that of all triangles inscribed in a circle, the one with the maximum
equilateral. 2
ith maximum o
(MDU. g, 2001

be insrtel”

Show that of all triangles of glven perimeter, the one W
cquilateral,

Find the volume of the largest rectangular parallelopiped that can

: ' - KU ¢
the ellipsoid ‘—2+"—,+—,=l [M.D.U. 2015 K
a b.. c*
B cos C .
cos UDU ﬂﬁl

JH.

[n a plane triangle ABC, find the maximum value of cos A
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